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Fig. 2 Error in calculated skin friction as compared with
strip integrated values.
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If one places a further restriction on \, it would be possible to
make the series representation for ¢; converge very quickly,
such that only a few terms of Eq. (10) need be retained for
good accuracy. If, in fact

2> 1/R, an

the desired results are obtained. Again this places little re-
striction on A.

From Eq. (10) it is seen that for rectangular planforms (i.e.,
X\ = 1), ¢; has the proper limit value. If A — 0, the relation
obtained from Fq. (10) is exactly the same as obtained from
the integral equation (7) for A = 0 and is given by

0.455

Togokyie ||+ 129/I0F, + 2.3091/(0R)* + ..]
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Strip integrated values for ¢; were computed by using Eq.
(7) with 100 strips/semispan. These values were used as a
basis for comparison with both the approximate method de-
veloped herein [Eq. (10) or (12)] and the standard method
using the wing mean aerodynamic chord. For Reynolds
numbers in the range 10510, the first two terms of Eq. (10)
[or Eq. (12) for A = 0] differ from strip integrated values by
less than 29, for all taper ratios and in addition give better
accuracy than the method utilizing the wing mean aerody-
namiec chord for all taper ratios except for A = 1, where they
are both exact (Fig. 2).

If three terms of Eq. (10) or Eq. (12) are used, the series
approximation is nearly exact; differing from strip integrated
values by only 0.4%, for the worst case.
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Convergence-Proof of Discrete-Panel

Wing Loading Theories

Jorx DeYouna*
University of Texas at Arlington, Arlington, Texas

Introduction

ANY wing surface loading theories use a finite elemental

grid or lattice representation for the loading integral.

As the lattice panel, such as a elemental horseshoe vortex, be-

comes small it induces velocity on its neighbor that approaches

infinity. It had not been mathematically shown that this

limit product of zero and infinity converges to the accurate
finite loading.

The chordwise section-loading integral equation can be
written in terms of vortices equally spaced along the wing
chord. The summed vortex induced downwash at midpoints
between the vortices give equations that satisfy the boundary
condition of no flow through the wing. These result in N
unknowns (of N load-vortices) and N equations which can be
solved simultaneously.

A solution for any value of N has been derived which since
1967 has been proven accurate and useful for defining the
chordwise loading curve from constant loading segments.
Having exact mathematical solutions for a large number of
simultaneous equations permits making accuracy checks of
computers. Actually, the present solution was derived be-
cause a computer 15-term simultaneous equations solution
appeared a little doubtful. This computer was proven to

give erroneous loading values of up to 149 near the leading
edge.

Analysis
The downwash at z.,, due to a vortex at z, is
Wmn = Fn/27r(xem - xn) (1)

The distribution of chordwise vortices at the % chord point of
the equal length panels are shown in Fig. 1.

Let N be the number of panels. Then ¢/N is the length of
each equal-length panel. The ecirculation at the quarter-
chord of the nth panel is at the chord station

= (n = 1)(¢/N) + (¢/4N) = $1e/N) ()
The £ chord of the nth panel is at the chord station
= (m — 1)(c¢/N) + (3¢/4N) = (m — P(c/N) 3)
With Egs. (2) and (3), Eq. (1) becomes
(Wna/V) = (NTW/mcV)/@2m — 2n + 1) (4)

Define ¢, as
= NI, /mcVa = v./7Va = —AC,/27a (5)

Then the total downwash at chord station m is the summation
of all the vortices. The flow angle that satisfies the boundary
condition of no flow through the wing is from Eq. (4) given by

N
Sen/@m — 20+ 1);m = 1,2

n=1

(an/a) = N ()

where «,, is the angle or slope of the wing camber line at
chord station m.
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Table 1
n
N/n 1 2 3 4 5 5
1 iX1
1
9 3X1 I1X1
2 2
3 5X3X1 3 X1 3X1
4 X2 2% 2 4X2
4 7TX5X3X1 5X3X1 3X3X1 5X3X1
6X4X2 4X2X2 2X4X2 6 X4X2
5 IXTXEXEX1 TXB5X3X1 5X3X1 3X5X3X1 TX5X3X1
8X6X4X2 6X4X2X2 4X2X4X2 2X6X4X2 8X6X4X2

11 X9X7X5X3X1

IX7TX5X3X1

TX5EX3X3X1

5X3X5X3X1

3XTX5X3X1

IXTXBEX3X1

10X 8X6X4X2

(2N — 1)! odd

(2N — 2)! even

8X6X4X2X2

(2N — 3)! odd

6X4X2X4X2

(2N — 5)!0dd 3! odd

(2N — 4)! even 2

(2N — 6)!even4!even

4X2X6X4X2

2X8X6X4X2

10X8X6X4X2
N

(2n — 3)! 0dd

(2n — 2)! even

For the noncambered wing, a, = «, then Eq. (6) becomes

N
Sie/@m —2n+ 1) =1, m=12 ..., N (7)
n=1
The solution of N linear simultaneous equations, gives the
values of the chordwise additional loading, e..
A general solution of Eq. (7) for any value of N can be
made by forming a mathematical series sequence of the load-
ing terms as N increases. Equation (7) becomes for

N = 1, €6 = 1
N =2 e — e =1; then ¢ = $
@/3) + =1 o=13
N=3 a — e — (e/3) = 1; then e = %2
(31/3)+€2—63=1 e2=%
(e/8) + (e2/3) + &5 =1 e =3
N =4, e — e — (es/3) — (es/5) = 1; thene = 3%
(e/3) + €2 — €3 — (es/3) = 1 e = 1%
(e1/8) + (e2/3) + ez — es = 1 e = 1%
(e/T) + (e2/5) + (es/3) + es = 1 e = 1%

This procedure is done for higher values of N until a mathe-
matical sequence is formed as in Table 1. Inspection of these
sequences determines the odd and even-factorial N row; and
the N row in turn forms another sequence, so a general solu-
tion is given by

. — (ZN - 27L + 1)!°dd(2n - 3) !odd —
" (2N — 2n)leven(2n — 2)loven
2N — 2n 4 D!2n — 2)! ®
22 =2[(N — n)l(n — 1)1)?
The e, values given by Eq. (8) is the solution of N simultane-
ous of Eq. (7), and N can be infinite.

) With Eq. (5) inserted into Eq. (8), the chordwise vorticity
is

¥n _ w(@2N = 2n 4 1)1(2n — 2)!
Va 207N — n)l(n — 1)I]? 9)

Equation (9) gives the chordwise additional (or noncambered
wing) loading in terms of circulation at N equal length panels
or segments along the wing chord (see Fig. 1). The circula-
tions are at the chordwise positions given by Eq. (2).

A L 5 I
s 4 Lo ¥ A | BT B
. Xg1 X2 Xa2 X3 Xe3 N Xy

Fig.1 The 1 and { points of each panel.

Xel €

Solution for Infinite Panels

Equation (9) can be used to mathematically prove that
finite element loading methods do converge on the exact
answer as the number of elements are increased. Define
£, = xn/c. Then, Eq. (2) can be written as

n=N§ + 3 (10)
With Eq. (10) inserted into Eq. (9)
Yn T(2N — 2N§&, — §I2NE — P!
Vo~ 2N - NE - \WE - 4D
As N becomes large
N! — (2m)V2NN+1i2g~N (12)

Replacing the factorials in Eq. (11) by Eq. (12), then for large
values of N

—_ — 3BN-17]1/2
&_2[1 Sn 4 ] X

Va £, — 2

{1+ @N)7'[1 — & — 1712} (13)
with N equal to infinity, Eq. (13) becomes

v/Va = 2[(1 — §/E]? (14)

where the subseripts n are removed since with infinite panels
£ is continuous.

Equation (14) is identical to that derived from thin-airfoil
theory. With £ = 1(1 — cosf), the radical becomes the
familiar cotangent loading. Thin-airfoil theory is part of
aerodynamic literature (e.g., see the review given in Ref. 1).

Integration Accuracy and Factors for Chordwise Loading

Comparing with thin-airfoil theory, the lift-curve slope is
given exactly for any N by twice the averaged value of v./Va.
Thus, for N = 3, c1o = $[(157/8) +- (37/4) + (37/8)] = 2.
Likewise the moment is given exactly for any N. Besides for
the chordwise cotangent loading, the lift and moment are
summed exactly for the first and second sine harmonics of
chordwise loading.

The discrete chordwise loading terms v./V are constant
over a given incremental chord distance ¢/N. For plotting
the chordwise loading, v./V is positioned at the quarter-
chord of the nth segment, that is at & = (w — $H/N. A
chordwise loading factor can be formed that relates v/V at
£, with v,/V. This factor defined by f. is the ratio of thm—
airfoil theory value, Eq. (14), to the incremental loading
theory value, Eq. (9). Then

2N 4 3 — )2 (N — m)!(n — DI (15)
"7 Trn — DEN — 20 + 1)I(2n — 2)!
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The loading at £, is given by 0.6 k
| =03
Y/V = falv./V) (16) 0.5k \\ ;;2_0615
The factor f. differs from unity primarily near the leading L
edge n = 1, and secondarily near the trailing edge n = N. v \
For N = 10, f. varies as z 04 \
n 1 2 3 4 5 £\
fo 1.128 1.009 1.003 1.001  1.000 S M\ '\
n 6 7 8 9 10 & o N\ QUASISTEADY
aQ 02 \
fa 1.000 0.999 0.998 0.995 0.977 E i \\[
For other N values, f varies as, ok = =
N 1 2 3 4 5 10 15 LT ERENN
£ 1.108 1.123 1.127 1.127 1.128 1.128 1.128 R T T}

The f, factors can be applied directly to finite aspect ratio
lifting surface theories that are based on elemental horseshoe
vortices, constant vorticity panels, or for multiple load and
downwash lines as in Ref. 2. In Ref. 2, a 2-line loading
theory is derived for a load-line which can be any arbitrary
function of the lateral coordinate. A 2N-line theory (¥ load
lines, N downwash lines) is the superimposition of the 2-line
theory along the chord, distributed as in Fig. 1. The circula-
tion at each of the N load lines is factored by f. to obtain the
chordwise loading at &..
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Effect of Unsteady Pressure Gradient
Reduction on Dynamic Stall Delay

FrangLin O. CarTa®
United Aircraft Research Laboratories,
East Hartford, Conn.

Nomenclature

Q
I

dimensionless pivot axis location in semichords, positive
aft

unsteady pressure coefficient

quasi-steady pressure coefficient

real part of Theodorsen function

imaginary part of Theodoresen function

reduced frequency, product of semichord and frequency
divided by velocity

pressure gradient ratio

time, sec

dimensionless chord position in semichords, positive aft

pitch angle, positive nose up, rad or deg

pitching frequency, rad/sec

complex quantity

time-independent quantity
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Introduction

THE unsteady dynamic stall phenomenon has been the
subject of a number of recent investigations. Of par-
ticular interest is the apparent delay in stall on an airfoil mov-
ing through the steady-state stall regime with positive angular
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CHORD POSITION, X

Fig.1 Instantaneous pressure distribution at wt = 117/6.

velocity. This has been observed whether the airfoil is oscil-
lating harmonically'=® or increasing its angle of attack
monotonically.*?

In a recent theoretical study Ham® was able to explain
many of the features of moment reversal on an oscillating air-
foil operating above the stall angle by postulating a continu-
ously shed vortex sheet from the airfoil leading edge. How-
ever, he was unable to derive a criterion for the delay between
the time the steady stall angle is exceeded and the time the
vortex sheet begins to be shed. Isogai’ has indicated that
the delay is associated with the formation and movement of
an unsteady separation bubble. However, one remaining
unknown in his investigation is the way in which the separa-
tion bubble moves against the adverse pressure gradient with-
out separating the boundary layer until well beyond the
steady-state stall angle.

In this Note a possible theoretical mechanism for the delay
in dynamic stall is discussed. The theory is confined to a
comparison of the unsteady and quasi-steady chordwise po-
tential flow pressure distributions. It is shown that the un-
steady pressure gradient over the forward portion of the air-
foil is less unfavorable than the steady pressure gradient.
Hence, it can be inferred that a measurable stall margin exists
for an unsteady motion relative to the steady state stalling
angle, and that this stall margin increases with frequency.

Analysis

Theoretical pressure distributions

We can write the unsteady (or quasi-steady) pressure co-
efficient in the standard exponential form

C,* = —é;;eiwt 1)
where C,, is the pressure difference divided by the freestream
dynamic pressure. The time-independent unsteady pressure
coefficient, C,*, for a pitching oscillation of amplitude & is a

complex funection, reflecting the phase shift between pressure
response and position. This is given by®

C.* = dalkla — (2/2)1(1 — 2)V2 +
IF — kGG — 0)][(1 — 2)/Q + ) ]¥2} + dia{2k(l — a2 4+
G+ kFG — a) — k21100 — 2)/ + )2} ()

where F and G are the real and imaginary parts of the Theo-
dorsen function.® In the limit as & — 0, Eq. (2) reduces to
the quasi-steady form

Cr, = 4a[(1 — 2)/(1 + )]V ®3)

It is assumed here that the motion is a harmonic function of
time, given by

a* = Fet 4

In an actual measurement on an oscillating airfoil the motion



